Let G be an undirected graph that is neither a path nor a cycle. Clark and Wormald [8] defined hc(G) to be the least integer m such that the iterated line graph L m (G) is Hamilton-connected. Let diam(G) be the diameter of G and k be the length of a longest path whose internal vertices, if any, have degree 2 in G. In this paper, we show that
Introduction
We use [1] for terminology and notations not defined here and consider finite, undirected graphs. We allow graphs to have multiple edges but not loops. The multigraph of order 2 with two edges will be called a 2-cycle and denoted by C 2 . Let G be a graph. We use κ(G), κ (G) to denote the connectivity and the edgeconnectivity of G, respectively. Denote O(G) the set of all odd vertices of G. 
G)) (k ∈ N, where N stands for all natural numbers). Chartrand [6] showed that if G is a connected graph that is not a path, then for some integer k > 0, L Theorem 2. Let G be a graph with |E(G)| ≥ 3. Then L(G) is Hamiltonconnected if and only if for any pair of edges e 1 , e 2 ∈ E(G), G has a dominating (e 1 , e 2 )-trail.
We say that an edge e ∈ E(G) is subdivided when it is replaced by a path of length 2 whose internal vertex, denote v(e), has degree 2 in the resulting graph. The resulting new two edges are denoted by e and e . The process of taking an edge e and replacing it by the path of length 2 is called subdividing e. For a graph G and edges e 1 , e 2 ∈ E(G), let G(e 1 ) denote the graph obtained from G by subdividing e 1 , and let G(e 1 , e 2 ) denote the graph obtained from G by subdividing both e 1 and e 2 . Thus
From the definitions, one immediately has the following observation.
Proposition 4. For a graph G and two edges e 1 , e 2 ∈ E(G), if G(e 1 , e 2 ) has a spanning (v(e 1 ), v(e 2 ))-trail, then G has a spanning (e 1 , e 2 )-trail.
In 1983, Clark and Wormald [8] introduced the concept of Hamiltonian-connected index. Let G be an undirected graph that is neither a path nor a cycle. The hamiltonian index h(G) (Hamilton-connected index hc(G), respectively) is the least nonnegative integer k such that L k (G) is hamiltonian (Hamilton-connected, respectively). In this paper, we consider the Hamilton-connected index of a graph. In Section 2, we will relate the Catlin's reduction method and some theorems. In Section 3, we get some results of Hamilton-connected index associated with diameter. In Section 4, we present the relations between Hamilton-connected index and the connectivity of a graph. In Section 5, we give some relations between the Hamilton-connected index and degree of a graph. [3] showed that every graph G has a unique collection of pairwise vertex-disjoint maximal collapsible subgraphs
A graph is reduced if it is the reduction of some graph. A nontrivial vertex in the reduction of G is a vertex who is the contraction image of a nontrivial connected subgraph of G. (i) If G has a spanning tree T such that each edge of T is in a collapsible subgraph of G, then G is collapsible.
(ii) If G is reduced, then G is a simple graph and has no cycle of length less than four.
(iii) G is reduced if and only if G has no nontrivial collapsible subgraphs.
(iv) Let G be the reduction of G. Then G is collapsible if and only if G = K 1 .
Theorem 7. (Catlin, Han and Lai
If every edge of G is in a cycle of length at most 4, then G is collapsible. Suppose that Γ is a spanning (u , v )-trail in H . Take one vertex w 0 ∈ V (G) and let Γ be a trail in H with
w is incident with an odd number of edges in E(Γ)}. Then |S| is even and
3 Hamilton-connected index and diameter
e is in a cycle of G of length at most 3} and
Let H be an induced subgraph of G. The subgraph induced by the vertex set 
k+1 (e) when I k+1 (H) is a path induced by an edge e. 
. By Lemma 9, Proposition 4 and Theorem 2, H = K 1 . Note that
By the definition of E (H ) and Theorem 6(ii), we have the following claim.
Claim 2. Let e ∈ E (H )
, H must be the graph shown in Figure 1 . Thus, there exists a spanning
Case 2. e is in a 3-cycle of H containing exactly one of f 1 and f 2 .
Without loss of generality, we assume that this cycle contains f 1 only. Note again that an m-cycle with m ≤ 3 is collapsible. By the assumption that
(G)), the graph H must be the graph shown in Figure 2 , where v(f 2 ) is in the preimage of some vertex. Thus, there exists a spanning f 2 ) by Lemma 10, a contradiction. Figure 2 Case 3. e is in a 3-cycle of H containing both f 1 and f 2 . 
Figure 3
Suppose that f 1 and f 2 are adjacent. Then the graph H must be one of the graphs in Figure 3 . Thus, there exists a spanning f 2 ) by Lemma 10, a contradiction. Now suppose that f 1 and f 2 are not adjacent. Then the graph H must be one of the graphs in Figure 4 . Again, there exists a spanning
by Lemma 10, a contradiction. So Claim 3 holds. Since each edge except e in L d−1
and at least there exists another (v, u)-path P
is collapsible, thus e ∈ E(H), a contradiction. Thus f 1 , f 2 are not in the same triangle. Hence H is the graph shown in Figure 6 .
By Claim 5, |E(L
, and x is trivial in H (see Figure 7) . Thus the preimage of a vertex in
We break into three cases to finish the proof.
If f 1 , f 2 are in the same triangle in H , then H is the graph shown in Figure 8 . Figure 8 If f 1 , f 2 are in two edge-disjoint triangles in H , then H is one of the graphs in Figure 9 (Two ♠s stand for the vertices v(f 1 ) and v(f 2 ), respectively). In either graph, H contains a spanning
In this case, H is one of the graphs shown in Figure 11 . Note that L
Case 3.
Then H is the graph shown in Figure 12 , and Figure 12 Above all, we finish the proof of Theorem 13. 2
An obvious corollary is the following. 
Note that k ≤ 2 diam(G) − 1, we have the following corollary.
Corollary 15. Let G be a connected graph that is neither a path nor C n . Then
Let C be a cycle of length 2d(d > 1) and K be a complete graph of order m > 2. G is a graph obtained by combining C and K so that C and K sharing exactly one edge. Then L 
We are going to show that H is collapsible. Let H be the reduction of H and we only need to show H = K 1 . By contradiction. Suppose there exists at least one edge xy in H . Since H is reduced, xy can not be in a cycle of length at most 3. Correspondingly, there exists at least one edge x y in the preimage of xy in H that is not contained in a cycle of length at most 3. By Lemma 12, the preimage of x y in G must be a lane with length at least d and suppose the lane is Q. Take the midpoint w of P and the midpoint z of Q,
(G)/H is a cycle obtained by identifying the two endvertices of P and has length at least three. So we are done. 2
Then we have the following corollary by the above theorem.
Proof. Necessity. This direction is trivial.
Sufficiency. By contradiction, suppose that κ(L 
(G). For any two edges e and f in H, we distinguish the following two cases. 
(G)) ≥ 3, at least one of {e, f }, say e, has two endvertices that are connected by a path Q with E(Q) E(K t ) = ∅ in which every edge is in a complete subgraph of order at least 3, so the reduction of H(e, f ) is K 1 , i.e., H(e, f ) is collapsible and hence L(H) = L c+2 (G) is Hamilton-connected. In the remaining case that t = 4, if e and f are incident, then the reduction of H(e, f ) is K 1 since K t (e, f ) becomes a complete graph after contracting the unique triangle in it. Otherwise, if it is not collapsible, then the reduction of H(e, f ) must be the graph shown in Figure 13 . Then it has a spanning (v(e), v(f ))-trail, so L(H) = L c+2 (G) is Hamilton-connected. 
Hamilton-connected index and degree
We start with some results on the hamiltonian index.
Theorem 19. (Chartrand and Wall, [7] ) Let G be a connected graph with minimum degree at least 3. Then h(G) ≤ 2.
Theorem 20. (Saražin, [14] ) Let G be a connected graph that is not a path.
Then h(G) ≤ |V (G)| − ∆(G).
Correspondingly, we have the following two theorems:
Theorem 21. Let G be a connected graph with minimum degree at least 3. Then hc(G) ≤ 3.
